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Let k be a global field. It is proved that the map 
Br(k(t)), + n Br(k,(t)), 
(on Brauer groups of function fields) is injective, where v runs through all primes 
of k and p 1 char(k). As a consequence, in certain interesting cases, an embedding 
problem defined over k(r) is solvable if and only if it is solvable over k,(f) for all 
primes v of k. K> 1990 Academic Press, Inc. 
Let k be a global field, k, the completion of k at a prime u, p a rational 
prime different from char(k). We will prove that the map 
is injective, where Br denotes the Brauer group, k(t) the rational function 
field in an indeterminate t, and the subscript p indicates the p-primary part 
of an abelian group. The proof is based on a lemma which shows that the 
Auslander-Brumer-Faddeev Thorem behaves well under extension of the 
field of constants. 
Our original motivation for this paper was its application to embedding 
problems over k(t). A recent remarkable result of Harbater [Ha, p. 1861 
states that every finite group is realizable as a Galois group over k,(t). It 
is conceivable then that the embedding problem may be more tractable 
over k,(t) than over k(t). We will show that in certain interesting cases, an 
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embedding problem over k(t) reduces to the induced local embedding 
problems over k,(t), with u running through all primes of k. 
The author is grateful to the referee for many valuable suggestions which 
led to a thorough revision of the original manuscript, especially for 
Theorem 2, which generalizes Theorem 1 from one variable to several 
variables. 
1. ON THE AUSLANDER-BRUMER-FADDEEV THEOREM 
Let F be a field, t an indeterminate, F(t) the field of rational functions. 
Let p be a prime different from the characteristic of F. The Auslander- 
Brumer-Faddeev Theorem [FS, p. 511 states that 
B@‘(t)), g JWF), 0 
i 
$ (e,,,), , 
Ix E F$ I 
where Br denotes the Brauer group, F, the separable closure of F, 
G FCaj= G(FJF(cr)) the absolute Galois group of F(U), and G,,,= 
Hom(Gc,j9 Q/Z) the (continuous) character group of G,,,. 
The following lemma shows that the Auslander-Brumer-Faddeev 
Theorem behaves well under extension of the field of constants. 
LEMMA 1. Let E be an extension field of F, and fix an embedding F, c E, 
extending FE E. Then there is a commutative diagram 
B@‘(t)), - 
where p is a prime different from char(F). Here the horizontal arrows are the 
Auslander-Brumer-Faddeev Theorem, and the vertical arrows are restriction 
maps. On the right, eFCcr, is mapped to the summand GE(N). 
ProoJ: We trace the left vertical arrow through a proof of the 
Auslander-Brumer-Faddeev Theorem. By Tsen’s Theorem, Br(F, (t)), = 0 
(see [FS, Lemma 2]), hence 
WF(f)),~HH2(GF, F,(t)*),. 
Decomposing the G,-module F,(t)* yields 
F,(t)*=F: J-I (t-~)~~), 
a 
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where LI denotes the direct sum (written multiplicatively), (t - r~)‘~ denotes 
the orbit of t - CI under GF, ( - ) denotes the subgroup generated by -, 
and tl runs through a system of representatives of the orbits of F, under the 
action of G,. We then have a commutative diagram 
H2(G,, r;,(t)*) - 0 H2(G,, ((t-x)“>) 
I 
1 
H*W,, E,(t)*) - 0 H2(G,, ((t-B)G”>) 
0 
with the vertical maps induced by restriction in the first component and 
inclusion in the second, observing that the orbit (t - c()‘~ breaks up into 
orbits under G,. Next we use the induced modules isomorphism [Se, p. I-121 
(“Shapiro’s Lemma”) to get a commutative diagram 
H*(G,, ((t - ~r)~~)) a H2(G F(r)2 (t-a>) 
I I 
0 H2G, W-B)““>)~ 0 ff2(Ga,+ <t-B>) 
B P 
where /I runs through a system of representatives of orbits of aGF under GE, 
and we assume that one of the /I is c( itself. The right vertical arrow is 
induced by mapping t - c1 to itself in the component for which fl= GL, and 
to 0 in the other components. Identifying (t - cc), (t - /3) with Z, we have 
(commutative) 
and 
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The proof of Lemma 1 is now completed by extracting the p-primary com- 
ponents. 1 
We will also need the following well known characterization of the 
subgroup Br,(F) of elements of Br(F) killed by n. 
LEMMA 2. Let 11, denote the group of n th roots of unity in F,, where n 
is prime to char(F). Then 
Br,V’) s H*(G,, A). 
The proof follows from considering the cohomology sequence corre- 
sponding to the short exact sequence 
1 -pm---+ F,*--r, F,*- 1. 
Hilbert’s Theorem 90 gives 
0 = H’(G,, Fs*) - ff2(G,, P,) -----+ H2(G,, F,*) --% H’(G,, FS*). 
2. INJECTIVITY THEOREM 
THEOREM 1. Let k be a global field, p a rational prime different from 
char(k). Then the map 
BMt)), -+ nWW)), 
is injective, where v runs through all the primes of k, andfor each v, we have 
fixed an embedding k G k,. 
Proof Apply Lemma 1 with F = k, E = k, and take the direct product 
over all v to obtain the commutative diagram 
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It remains to prove the injectivity of 
By injectivity of Br(k) + n, Br(k,) (classical), it suffices to prove injectivity 
of 
for which it suffices to prove injectivity of 
Let f E Gk(a) and suppose its image is zero. This means that if K/k(a) is 
the cyclic extension corresponding to f, then Kk,(a) = k,(a) for all u, so 
every prime of k(a) splits completely in K. This implies that K= k(m), 
f=O. 1 
LEMMA 3. Let F he a Hilbertian field, _t = (t,, . . . . t,) indeterminates, 
f(x, _r] irreducible, manic in x, /I algebraic over F(j) with f(/?, _t) = 0. Let 
a E F(j)(b) with minimal polynomial g(x, _t) E F[x, _t] over F(J). Suppose r = a 
is a specialization into Ffor which f(x, a) is irreducible over F. Then g(x, a) 
is also irreducible over F. 
Proof Let n = 1 and write t = t, . Let p be the place of F(t) correspond- 
ing to the prime t-a, and let $$3 be an extension of p to F(t)(P). By 
hypothesis, the residue degree f(‘$/p) = [F(t)(B): F(t)] is equal to n. Let 
Q be the restriction of ‘$ to F(t)(a). Since f(Q/p)< [F(t)(a): F(t)] 
andf(‘WQ) G [F(t)(B): Al, andf(CPh) = f(WQ)f(Qh), we have 
f (Q/p) = [F(t)(a): F(t)], whence g(x, CZ) is irreducible over F. The result 
for arbitrary n follows by induction. 1 
THEOREM 2. Let k be a global field, p a rational prime different from 
char(k). Then the map 
Wk(t,, . . ..t,)), + n Wk,(t,, . . ..t,)), 
is injective, where v runs through all the primes of k, and t,, . . . . t, are 
algebraically independent indeterminates. 
Proof: Theorem 1 is the case n = 1. Let n > 1 and assume the result for 
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n - 1. Apply Lemma 1 with F = k(j), E = k, (_t), where i= (ti , . . . . t, ~ ,). We 
see that it now suffices to prove injectivity of 
which follows by induction, and injectivity of 
for every c( algebraic over k(j). Writing F= k(l), K = k(j), K= k@)(a), let 
L/K be a nontrivial cyclic extension of p-power degree. We need to show 
that for some v, Lk, # Kk,. Now L/F is simple: L = F(p). We may assume 
B integral over kB], so the minimal polynomial f(x, 1) of /I over k(j) lies 
in k[x, _t]. Similarly let g(x, _t) E k[x,r] be the minimal polynomial of c( 
over k(j). Since k is Hilbertian, there is a specialization _t = a for which 
f(x, a) is irreducible, and by Lemma 3, so is g(x, a). If p is the correspond- 
ing place of F, and ‘!@ is any extension of p to a place of L, restricting to 
a place Q of K, we have the tower of residue fields L’ 2 K’z k with 
[L’:k] = [L:F], [K’:k] = [K:F]. Then [L’:K’] = [L:K]. 
Let v be a prime of k lying under a prime v’ of K’ that remains prime 
in L’. The specialization _t = a defines a place of F, = k, F= k, (_t) which is 
trivial on k,, and which extends to a place ‘$” of L, = k, L, with residue 
field L: = k, L’. (We may assume ‘!I3 = Cp, 1 L.) The restriction of ‘QO to 
K, = k,K has residue field Kd = k,K’. Now if L, G K, we would have 
L: E KL, contradiction. 1 
3. THE EMBEDDING PROBLEM 
Let K be a field, K, the separable closure of K, G, = G(KJK) the Galois 
group. An embedding problem defined over K is given by an epimorphism 
e : E + G( L/K), 
where E is a finite group and L/K is a finite Galois extension. A solution 
to the embedding problem is a homomorphism 
such that e 0 f = Res: G, + G(L/K). f is called a proper solution if it is 
surjective. In this case the fixed field of ker(f) is a Galois extension M 
of K containing L with G(M/K) z E. Let A = ker(e) be abelian, and let 
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c E H*(G, A) be the cohomology class corresponding to the group exten- 
sion 
l-A-E&G(L/K)- 1. 
Consider the exact commutative diagram 
1-A -EXGK ---+G,---+l 
II I I 
1---+,4------+E’G---+1 
where G = G(L/K) and E xG G, is the pullback. The existence of a solution 
f: G, + E is seen to be equivalent to the splitting of the upper row of the 
diagram, which is in turn equivalent to the vanishing of inf(c), where 
inf: H*(G, A) -+ H’(G,, A) is the inflation map induced by Res: G, -+ G 
[HOI. 
From here on we take K= k(t), k a global field. Given a prime v of k, 
fix an embedding k(t), S+ k,(t), extending the embedding k G k, (and 
taking t to itself). An embedding problem 
e:E+G=G(L/K) 
induces a local embedding problem 
e,:E,+G, 
via restriction, where 
G, = G(Lk,(t)/k(t)) + G, E,=e-‘(G,),e,=elEu. 
Any solution f: GkcrJ + E of the global problem induces a solution 
fu = f” Re~k~~~)l/k(~)s: Gk,(,) + 4 
to the induced local embedding problem. 
Let A = ker(e) be abelian, and let GkctJ act on A via G. 
PROPOSITION 1. If the map 
is injective, then the existence of a solution to the induced local embedding 
problem e, for all v implies the existence of a global solution to the 
embedding problem e. 
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The proof (see [N, p. 671) follows from the commutativity of the 
diagram 
H’G(rj> A) - n H’G,(rp A) 
I 
1’ 
I 
H2(G, A) - n H2(G,, A) 
and the criterion inf(c) = 0 above for the existence of a solution to the 
embedding problem. 
Now let ,u, denote the group of nth roots of unity in k,, where n is prime 
to char(k), and assume that e is an embedding problem with A zig as 
G,+,-modules. This is the case for example if E is a central extension of G 
and p, s k. In this case, by Lemma 2, 
We are therefore interested in the injectivity of 
which follows from injectivity of 
which is Theorem 1. We therefore have 
COROLLARY 1. Let k be a global field, n a positive integer prime to 
char(k). Let e: E--t G = G(L/k(t)) be an embedding problem with A = 
ker(e) z ,a,, as GkC,,-modules, with GkCr, acting on A via G, and on pH E k(t),. 
If there is a local solution to e, at each prime v of k, then there is a solution 
to e. 
Remark. The hypotheses of Corollary 1 hold when 11, c k and A is 
contained in the center of E. When p,, E k, Saltman has proved that the 
existence of a solution implies the existence of a proper solution [Sa2, 
Cor. 1.1 l] and this holds with k(t) replaced by any Hilbertian field. 
Let us give a short proof of this result. First of all, the proof reduces to 
the case of a split extension [So]: namely, if K is any field and 
e: E + G(L/K) is any embedding problem with a solution S: G, -+ E, set 
U =f(Gk) c E. Then UA = E and there is a canonical epimorphism 
g : E* = UK A + E, g( (u, a)) = ua, where UK A is the semidirect product of 
U and A with U acting on A inside G by conjugation. Thus if there is a 
BRAUER GROUPS AND EMBEDDING PROBLEMS 639 
proper solution to the embedding problem given by e*: E* + U, then the 
commutative diagram 
E*- U 
I I 
E-G 
yields a proper solution to e. It therefore suffices to prove the following. 
THEOREM 2. Assume e : E + G( L/K) is an embedding problem in which E 
is a split extension of G = G(L/K), K is Hilbertian, p,,, c K, ker(e) = A is 
abelian of exponent m. Then there is a proper solution. 
Proof (arising from a conversation with Saltman; cf. [Sal, proof of 
Theorem 3.31). To prove this theorem we reduce it to the case 
A z ((Z/mH)[G])k. Let A, be A with trivial G-action, and let M be the 
G-induced module A,@ Z[G]. Then there is a canonical G-epimorphism 
This reduces the proof to the case A is G-induced. Then A is a G-direct sum 
of G-induced modules of the form (Z/rZ) 0 Z[G], r 1 m, each of which is a 
G-epimorphic image of (Z/mZ)@ Z[G] E (Z/miZ)[G]. Hence the proof is 
reduced to the case A z ((Z/mZ)[G])k for some k. 
Consider first the case k = 1. Let n = \GI and let {x0 : o E G} be indeter- 
minates. Let 9 E L generate a normal basis { 9”: g E G} of L/K. Let G act on 
L(x) = L(x,: r~ E G) (rational function field in n indeterminates) by its given 
action on L and trivial action on the x,. The fixed field of G is then K(x). 
Set 
Then 
y= c PX,. 
atG 
y’= 1 Px, (t E G). 
USC 
The transition matrix from the x, to the y, is (9”‘),, (using 0, z as 
indices) and is nonsingular since the 9” are linearly independent. Hence the 
y’ are a transcendence base of L(x) over L, i.e., L(y) = L( y”: c E G) = 
L(x). Let F= L(y”“) = L(m*: u E G). Then F is a solution field to the 
embedding problem 
A G E + G( L(x)/K(x)). 
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The minimal polynomial of y”” over K(x) is 
f(T,x)= n (T”-.?J”). 
CrEG 
By Hilbert’s irreducibility theorem, there are infinitely many specializations 
x, H c, E K, (T E G, for which the Galois group of f( T, _c) over K is E. Every 
such specialization maps y to E PcO E L, so that the splitting field F,, of 
f(T>c o: (r E G) contains L. Since every automorphism of G lifts to an 
automorphism of E = semidirect product of G and A = (Z/mZ)[G], there is 
a proper solution to the embedding problem 
e: E -+ G(L/K) 
with solution field FO. 
Finally, in the general case k 2 1, make the same construction as in the 
case k = 1, but k times, using k algebraically independent sets of indeter- 
minates {x!’ : aeG}, l<i<k. 1 
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